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Abstract

This work-in-progress provides a preliminary coiyeit
investigation of how the external visualization tbe ‘Ternary
diagram’ (TD) might be used as an underlying moé®i
exploring the representation of simple 3D cuboidsoading to
the theory of Conceptual Spaces. Gérdenfors intedu
geometrical entities, known as conceptual spacgsmbdeling
concepts. He considered multidimensional spacepged with
a range of similarity measures (such as metricd) @rided by
criteria and mechanisms as a geometrical modelctorcept
formation and management. Our work is inspired e t
conceptual spaces approach and takes ternary diagas its
underlying conceptual model. The main motivationdar work
is twofold. First, Ternary Diagrams are powerfulnceptual
representations that have a solid historical andhemaatical
foundation. Second, the notion of overlaying anfdimation-
Entropy’ function on a ternary diagram can leadhéw insights
into applications of reasoning about shape andratbgnitive
processes.

Introduction

People effortlessly represent and reason abouteshap
They are able to use previous experiences of abjtct
make effective judgments about the properties off ne
shape related concepts and shape similarities.ddehthe
formation and behaviour of concepts Gardenfors
introduced conceptual spaces (2000). Conceptuatespa
are essentially multi-dimensional (vector) spacpsed
with similarity measures. Conceptual spaces (C® ar
useful in modeling concepts and knowledge becausg t
are richer representations than predicate -calculus;
conceptual spaces are not based on arbitrary stibug
judgments of similarity and categorization in a metrical
space.

Conceptual spaces have been useful in explaining
conceptual phenomena and in constructing concepts f

intelligent agents. Determining the dimensions aatlre
of the similarity measure can be challenging.

According to Gardenfors, a fundamental methodollgic
question that one needs to ask in the construatfoa
conceptual space is:

Which are the best dimensions, the best topologg][a
the best metric to be used for representing a paldr
cognitive process? (Gardenfors 2000, p. 260)

To explore such broad questions, we consider thelagy

of the 2-simplex (or equilateral triangle) commohktyown

as the Ternary Diagram (TD). TDs have been used in
scientific applications for more than 200 yearsreHee
give an initial cognitive interpretation to TD bytowing
from the geological discipline of grain shape as&lyOur
Conceptual Ternary Diagram (CTD) possess some
interesting mathematical properties which mightrewelly

be used in the cognitive process of similarity jonegts.

Whilst we acknowledge that our preliminary work is
limited to representing 3D cuboids and thus we edgl
many experimentally investigated aspects of hunteape
perception and recognition, such as surface costour
texture, etc (Todd 2004) we believe the advantagfes
considering such an approach as an underlying nfodel
conceptual space reside in the visual-spatial sabfirthe
TD as an external visualization. (Hegarty 2004)

First, we provide an overview of Gardenfors’ cortcep
spaces approach. Second, we introduce the TD asaasm
to describe combinations. Third, we show how a &b lbe
construed to be a CS to produce a CTD. Fourth, nediyo
discuss the potential of using entropy metric withiCTD,
Lastly, we will present a number of useful linesfafure
enquiry.



Conceptual Spaces

According to Gardenfors (1997), there existsoaceptual
level of representing human thought which complitagn
bridges the gap between the dominant connectiamdt
symbolic levels of representing an agent’s cognitio

In the theoretical framework a@onceptual Spacehe
proposes that such a representation level can luelred
according to principles which are of geometric ratu
(Géardenfors 2000). Broadly, the theory involvesaiging
how objects are represented in some representational
space.

The first step in the construction of a concepsyce is
selecting suitablguality dimensionsExamples of quality
dimensions include temperature, weight, or the ethre
spatial dimensions of height, width and depth. Aegal
assumption is that such quality dimensions possess
geometric structure. If these quality dimensionse ar
deemed to be psychologically integral (Garner 19féh
the geometric structures can forrd@main

Objects argoointsin the domain and concepts aegjions
The specific properties of an object can be shown to
depend on the dimensions of the subspacerefian For
example, a red car will lie within the red regidfitioe car
colour subspace. A key notion in the conceptual
framework is convexity. Convex regions in a conaapt
space correspond to natural kinds. Natural kinds ar
important classes because they tend to be robwsrtain
types of reasoning such as generalization (RosgB)19

Together with several mathematical/geometric Getea
concept is represented by considering the reldtipas
between several domains, their associated regiows a
quality dimensions. An example of how one might
possibly represent the concept of “apple” usingcrdie
labels is given in the table below.

Concep | Domain | Region Quality
Dimensior

Color Rec-Greer Wavelengtl
Shap Roundisl Shapemetric

‘Apple’ Texture Smoott Various
Taste Sweet/Sol
Fruit Seed Type e
Nutrition | Fiber etc

Table 1: Concept of ‘Apple’, Adapted from (Tabld@ardenfors
2000, p. 103)

Considering the work in showing the algorithmic
feasibility of such a CS approach in reasoning &bou
general categories (Gardenfors & Williams 2001) dmel
overlapping geometric-shape theme, little attentltas
been paid to the CS approach of modeling shapesptsic
One notable exception is the work of Chella and
colleagues, whom applied CS to the field of highele
computer vision (Chella, Frixione & Gaglio 1997)héir

work involves describing shape objects (‘knoxels’)
according to the quality dimensions specified by
constructive solid geometry and formalized by the
mathematics of super quadratics (Chella, Frixione &
Gaglio 2001). In arguing that their approach corapar
favorably to related computer vision frameworkseyth
acknowledge that th§assumption of] the existence of a
3D internal representation of concept$s subject to
widespread ongoing debate. They also suggest that
problems applying the theory of conceptual spacdbeir
given field of vision lie in choosing the appropeal)
guality dimensions 2) similarity measures.

To help relax the ‘3D representation assumptiond an
attend to such dimension and metric selection problof
the constructing a CS, we turn to the TD as anreate
visualization.

Ternary Diagrams as an External
Visualization

TDs provide a concise description of combinatichsey
can be considered as external visualizations wmicjint be
seen to augment internal cognition (Hegarty 2004).

The visual and geometrickdrm of a standard TD is that
of an equilateral triangle, or mathematically knoas a
low dimensional member of the larger simplex family
(Weisstein 2009).

At the vertices of the triangle it is common preetito
provide labels that identify the components being studied.
Furthermore, appropriatscales are provided along the
sides of the triangle. Finally, to assist with filag, it is
normal for agrid scale to be overlaid. An example of a
standard Ternary Diagram is shown below in Figure 1
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Figure 1: The standard visual form of a Ternarygbéan. Showing a,b,c

= 0.3, 0.3, 0.3 point (Prosim 2004)

In a careful review of the historic uses of TDshécomes
apparent that the natural strength of such a tgadenis in
its ability to support people as they visually egent and



reason about compositions and mixtures. Two prontine
examples are Young/Maxwell's theory of colour mixin
and Gibb’s formulation of liquid phase laws (Hoviart
1996).

An early formalism of this reasoning was given Ine t
Italian statistician Bruno De Finetti, in his stegliof the
composition of genotypes (Rossi 2000) following De
Finetti's formalism for our own preliminary worka TD
is suited to studying systems of three componeh3,C)
provided that the proportions of such componenfls,¢a
are positive, linearly dependant and sum to a eanz
constant, K, that is,

a+b+c=K

The constant K, is usually normalized to 1, or 100%
more rigorous statistical treatment, which dealthwiero
components and different types of dependencies
provided by Aitchinson (1982).

An important area where these underlying assumptioa
met is the geological discipline of sedimentology.this
field TDs are used to describe the composition raiirg
shapes in a given soil sample. They do so by trgatie
shape as a 3-component system long, intermediale
short axes (Sneed & Folk 1958). In such an analyses
De Finetti ‘sum to constant’ requirement is follavsuch
that the long, intermediate and short axial lengphadd to
aUnitary whole — a single pebble.

L+1+S=100%

However, due to the physical nature of the systtma,
axial lengths have the further constraints placethem of
‘Relative and ‘Perpendicularlengths.

an

* Relative Axial LengthsL>| > S
e Perpendicular LO10OS

The constraints are used to assign a ‘shape métat’is
subsequently used in computational models to prede
behavior of grains (for example, the location o§igen
type of precious metal sediment along a river bed.)

Whilst several shape metric descriptors exist i ghain
shape literature, (for recent comprehensive revieas
(Blott & Pye 2008; Le Roux 2005)) The ‘Shape Engfop
function (Hofmann 1994a) is of particular interest
CTDs, which will be covered in subsequent sections.

Ternary Diagram as a Conceptual Space

In encouraging the adoption of his CS framework,
Gardenfors offers the following:

There is, in general, no unique way of choosing a
dimension to represent a particular quality but mlev
array of possibilities (Gardenfors 2000, p. 7).

A grain shape TD can be interpreted as a CS. When
considered within the context of CS, one can tigatins’

as simple cuboid shaped objects, which are destiiye
the quality dimensions of long, intermediate anarsh
‘axial lengths’. A domain can then be constructelicl

due to the specified constraints, takes trianggémetric
form. An example of such a CTD with quality dimeors,

a domain of cuboid shapes, a region of conceptgpamis

of objects, is presented in the figure below.
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Figure 2: Our preliminary Conceptual Ternary Diagr@TD)

A clearer idea of how shape objects would be retes!
in such a domain can be seen in Figure 3 below.r@vae
pictorial overlay has been provided by Hofmann is h
study of grain shapes (1994b).

Figure 3: Domain of 3D regular polygons, ‘Box, Shaed Stick’ Shapes
Source: (Hofmann 1994b) reused with permission

It can be seen from a simple observation of thellat
boxes in Figure 3 above, that by presenting a paito
overlay of shape objects, CTD has a similarity roeas
which is inherently built into the visual-spatiarin of the
diagram, e.g. a simple distance measure can be tosed
determine that object A is more similar to objecthign to
object C on the basis of proximity in the diagrasee
Figure 3.



Cleveland & McGill 1985) and visual processing (Bha
& Kosslyn 2005) aspects. Whilst such a study wolodd
beneficial, and to the best of the authors knowdedsy
Hofmann (1994a) proposes that the axial conditions lacking, itis beyond the scope of this preliminaugrk.
describing grain shape can be interpreted as tiatire
information entropy’ function of Shannon. (Shanri®9)

In an exploratory proposal, Hofmann draws upotierar
geological work (Pelto 1954) in proposing a 'relataxial
uniformity’ metric of the form:

‘Entropy’ in a Conceptual Ternary Diagram

Limitations and Advantages

We have focused on simple shapes which can beibedcr

using three components. Aspects of complex shapes

(curves, multiple components), optical structure

(IDLong' In PLong)+(p|mm' In P )+ (Pt * 1N Pye) (shading/luminance, surface texture/contours, mgQtio
Hn binocular disparity, and viewing angle) have been

abstracted away. For a recent concise review oftiite of

the art in modeling shapes see Todd (2004).

H Gshape: _100.

Where png Pt @and prorare the relative proportions of the
axial lengths of grains, and,Hs the maximum relative
entropy, Ln3 (1.0986), for a three-axial system.eTh \whether other quality dimensions can be identifigdch
Relative Axial Uniformity (‘shape entropy’) is a mienum allow a broader application of such a TD repredimao
(1) when all three axes are equal and decreases iNcoyer more complex shapes (i.e. ‘cylinders’) reraain
concentric intervals as can be seen as dark lindstre question for further studies. An interesting staytipoint
hypotenuse scale of Figure 4 below. might be to explore whether the ‘knoxel' approach o
Chella's (2001) might be made to align with ouraaptual
ternary diagram representation.

On Entropy

Since entropy plays an important and meaningfd nolall
physical systems, it might prove interesting tottar
develop the mathematical definitions and cognitive
interpretation of such an entropy metrics in CTDseen

to be mathematical sound and experimentally protes,
speculative question then arises — What is the afle
entropy in concept formation or other cognitiveqasses?

/) L 40 30 20 10

Figure 4: Relative Entropy in a CTD. Source: (Hofma 994b) Questions for future research

This early work in progress presents many oppadtitsi

Such an entropy function is closely related to inel . ) . ) )
for discussion, and raises the following researtastions:

established and mathematical proven ‘divergencailtef
Kullback and Leibler (1951). We are exploring how
entropy represented in this way can be used in the
conceptual spaces setting. Given cognitive coneéptu
spaces have a strong self-organizational formatian
expect to find evidence of entropy relationshipsvatk in

Are there merits in pursuing this transdisciplinary
approach? — Can we apply other modeling techniques
from the physical sciences to the cognitive scisfice

Is there evidence of previous use of TD-like

concept formation. The domain we will use for tisrk is
shape because of the relatively transparent rektip
between shape perception and concepts.

Discussion
Why consider the TD in the first place?

An obvious, but nonetheless important visual spatia
property of CTDs is that they are able to presebdt 3
dimensions using a 2D description whilst presening
proximity relationships between objects.

To fully understand this and other visual spatiajpgrties,
one would need to undertake a comprehensive stitheo
cogno-psychological (Cheng, Lowe & Scaife 2001,

representations in the Cognitive shape processing
community?

How can we experimentally explore the CTD as an
external visualization in modeling similarity? Came
similarity of box, sheet and sticks be successfully
modelled according to the Kullback-Leibler divergef

How can we overcome the initial limitations of suah
visualization allowing for the representation of nao
complex shapes? For example, how might we represent
the context and the salience of more complex shapes
with respect to an agents’ purpose?
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